Abstract.We give a probabilistic generalization of the theory of generalized metric spaces [2] . Then, we prove a fixed point theorem for a self-mapping of a probabilistic generalized metric space, satisfying the very general nonlinear contraction condition without the assumption that the space is Hausdorff.
Introduction
The first abstract formulation of the notion of distance is due to M. Fréchet [6] . This notion, which was later given the name "metric space" (" metrischer Raum") by F. Hausdorff [10] , is based on the introduction of a function d that assigns a nonnegative real dpp,to every pair pp,of elements of nonempty set M. This function is assumed to satisfy the following condition dpp," 0 if p " q, (1) dpp,ą 0 if p " q, (2) dpp," dpp,for all p, q in M, (3) dpp,≤ dpp, rq`dpr,for all p, q, r in M. (4) Condition (4) is the triangle inequality.
In 1942, K. Menger [17] , who had played a major role in the development of the theory of metric spaces (see [15] , [16] , [18] ), proposed a probabilistic generalization of this theory. Specifically, he proposed replacing the number dpp,by a real function F pq whose value F pq pxq for any real number x is interpreted as the probability that the distance between p and q is less than x. The probabilistic metric spaces are assumed to satisfy axioms which are quite similar to the axioms (1)- (4) .
In the sequel to such developments, different probabilistic generalization of the triangle inequality (4) had been proposed (see [22] , [24] , [25] , [26] ) and the study of these triangle inequalities has been a central theme in the development of the theory of probabilistic metric spaces. For more details about the major steps in this development, we refer the reader to [23] .
Recently, Branciari [2] conceived of the notion to replace the triangle inequality (4) with the following weaker assumption (5) dpp,≤ dpp, rq`dpr, vq`dpv,(quadrilateral inequality)
for all p, q P M and for all distinct points r, v P M , each of them different from p and q. He called pM, dq with the function d satisfying (1), (2), (3) and (5) " generalized metric spaces". Thereafter, many authors initiated and studied many existing fixed point theorems in such space (see, [1] , [4] , [19] ).
In parallel to such developments, some technical problems involving these structures were considered. Like the continuity of the function d, uniqueness of limits, etc. In fact, it has been asserted (see, e.g., [21] ) that for an accurate generalization of Banach's fixed point theorem along the lines envisioned by Branciari [2] , one needs the quadrilateral inequality (5) in conjunction with the assumption that the space is Hausdorff. However, in 2011, Kikina et al. [13] noticed that such a regularity condition is ultimately superfluous for the ambient space; so, the initial setting will suffice for these results being retainable.
In this work, we propose a probabilistic (fuzzy) generalization of the theory of generalized metric spaces. Then, we discuss the relationship of some concepts of the new class 'probabilistic generalized metric space' to the classical axioms of probabilistic metric space. Finally, we show the existence and uniqueness of the fixed point for the ϕ-probabilistic contraction mapping ( [5] , [14] ) in a probabilistic (fuzzy) generalized metric space without the Hausdorff condition.
Concepts of probabilistic generalized metric space
In the sequel, we adopt the usual terminology, notation and conventions of the theory of probabilistic metric spaces, as in [23] . Throughout this work, a nonnegative real function f defined on R`Y t8u is called a distance distribution function (briefly, a d.d.f) if it is nondecreasing, left continuous on p0, 8q, with f p0q " 0 and f p8q " 1. The set of all d.d.f's will be denoted by ∆`; and the set of all f P ∆`for which lim sÑ8 f psq " 1 by D`. 
A commutative, associative and nondecreasing mapping T : r0, 1sˆr0, 1s Ñ r0, 1s is called a t-norm if and only if (i) T pa, 1q " a for all a P r0, 1s, (ii) T p0, 0q " 0. 
Moreover if T is left-continuous, then the operation τ T : ∆`ˆ∆`Ñ ∆d efined by τ T pF, Gqpxq " suptT pF puq, Gpvqq : u`v " xu, is a triangle function.
Definition 2. A probabilistic generalized metric space (briefly a pgms ) is a triple pM, F, τ q where M is a nonempty set, F is a function from MˆM into ∆`, τ is a triangle function, and the following conditions are satisfied for all p, r P M and for all distinct points w, q P M , each of them distinct from p and r
If τ " τ T for some t-norm T , then pM, F, τ T q is called a generalized Menger space.
It should be noted that if T is a continuous t-norm, then pM, F q satisfies (iv) under τ T if and only if it satisfies (v) F pr ps`t`xq ≥ T pF pw psq, T pF wq ptq, F qr pxqqq, for all p, r P M and for all distinct points w, q P M , each of them distinct from p and r, under T.
Recalled that a probabilistic metric space is a triple pM, F, τ q satisfy (i)-(iii) and the following inequality (vi) F pq ≥ τ pF pr , F rpTriangle inequalityq for all p, r, q P M .
It is clear that (vi) implies (iv). Then, every probabilistic metric space (PM space) is a probabilistic generalized metric space. But the converse is not true. We confirm this by the following example.
Example 2. Let M " t0, 1, 2, 3u. Define F : MˆM Ñ ∆`as follows:
, if p and q are in t1, 2u p " q, Hpt´1q, if p and q can not be both in t1, 2u p " q.
It is easy to check that pM, F, τ T M q is pgms, but pM, F, τ T M q is not a standard probabilistic metric space because it lacks the triangle inequality:
Definition 3. Let pM, F q be a probabilistic semimetric space (i.e., (i), (ii) and (iii) of Definition 2 are satisfied). For p in M and t P p0, 1s, the strong t-neighborhood of p is the set
The strong neighborhood system at p is the collection ℘ p " tN p ptq : t ą 0u, and the strong neighborhood system for M is the union ℘ " Ť pPM ℘ p . In probabilistic semimetric space, the convergence of sequence is defined in the way Definition 4. Let tx n u be a sequence in a probabilistic semimetric space pM, F q. Then (1) The sequence tx n u is said to be convergent to x P M , if for every ą 0, there exists a positive integer N p q such that F xnx p q ą 1´ whenever n ≥ N p q. (2) The sequence tx n u is called a Cauchy sequence, if for every ą 0 there exists a positive integer N p q such that n, m ≥ N p q ñ F xnxm p q ą 1´ . (3) pM, F q is said to be complete if every Cauchy sequence has a limit.
The proof of the following result is easy to reproduce. Proposition 1. Let tx n u be a sequence in a probabilistic semimetric space pM, F q and x P M .
• tx n u is convergent to x, if either (a) lim nÑ8 F xnx ptq = 1 for all t ą 0, or (b) for every ą 0 and δ P p0, 1q, there exists a positive integer N p , δq such that F xnx p q ą 1´δ, whenever n ≥ N p , δq.
• tx n u is Cauchy sequence, if either (c) lim n,mÑ8 F xnxm ptq " 1 for all t ą 0, or (d) for every ą 0 and δ P p0, 1q, there exists a positive integer N p , δq such that F xnxm p q ą 1´δ, whenever n, m ≥ N p , δq.
In the following result we show that every generalized metric space is a probabilistic generalized metric space.
Lemma 2. Let pM, dq be a generalized metric space (gms). Define F :
is complete if and only if pM, dq is complete.
Proof.
(a) It is clear that the conditions (i)-(iii) are satisfied by F . For condition (v), let p, q, a and b be a distinct points in M , let t 1 , t 2 and t 3 in r0, 8q. If
then t 1 ą dpp, aq, t 2 ą dpa, bq and t 3 ą dpb, qq, since pM, dq is a generalized metric space we have t 1`t2`t3 ą dpp, qq, then we get
Thus
It is easy to check that for t P p0, 1s, N p ptq " tq P M : dpp,ă tu.
So pM, F, τ T M q is a complete pgms space if and only if pM, dq is a complete gms.
Scheizer and Sklar [23] proved that if pM, F, τ q is a PM space with τ continuous, then the family consisting of ∅ and all unions of elements of this strong neighborhood system for M determines a Hausdorff topology for M .
Consequently, in such space we have the following assertions (a) pM, F, τ q, endowed with the topology , is a Hausdroff topological space.
(b) There exists a topology Λ on M such that the strong neighborhood system ℘ is a basis for Λ.
But in probabilistic generalized metric space in general such assertions are false.
Define F : MˆM Ñ ∆`as follows:
if p " q, Hpt´1q, if p and q are in tp, qu P A or tp, qu P B p ‰ q, Hpt´qq, if p P A and q P B.
It is easy to show that pM, F, τ T M q is a pgms space with τ T M continuous, in which (a) There does not exist t ą 0 such that N 0 ptqXN 2 ptq = ∅. Hence pM, F, τ T M q endowed with the topology is not a Hausdroff topological space. However, in a probabilistic semimetric space pM, F q, each set in ℘ is open relative to any topology for M , with respect to which, the function F p from M into ∆`given by F p pqq " F pq are continuous [23] .
In [23] Scheizer and Sklar, proved the following Lemma 3. Let pM, F, τ q be a PM space with τ continuous, M be endowed with the topology and MˆM with the corresponding product topology. Then F is a uniformly continuous mapping from MˆM into ∆`. Remark 1. Let pM, F, τ q be a probabilistic generalized metric space. Even though τ is continuous, in general we have the following assertions.
• The concepts convergent sequence and Cauchy sequence are independent in pM, F, τ q. • The conclusion of Lemma 3 is false.
We confirm the above remarks by the following example.
Example 4. Let a ą 0, M a " r´a, as, Q a " Q Ş r´a, as, where Q is the set of all rational numbers. Define d a on M a as follows
pM a , d a q is a gms. Indeed, (1), (2), and (3) are obvious. For condition (5), let x, y, u, v P X are distinct to each other, we have the following cases:
This implies that px, yq P Q aˆp M a´Qa q Ť pM a´Qa qˆM a , thus d a px, yq " |x´y|, hence (5) holds, therefore, pM a , d a q is a gms. Hence by Lemma 2, pM a , F a , τ T M q is a probabilistic generalized metric space with F a pq ptq " Hpt´d a pp,for each a ą 0.
In the sequel, we take a " 1. Consider the sequence x n " ? 2 2n , n P N˚, thus, tx n u converges to 0, but tx n u is not a Cauchy sequence, and F 1 is not continuous, because F 1 xnxm ptq " Hpt´2q for all n " m.
3. ϕ-probabilistic contraction in a probabilistic generalized metric space Throughout this section, pM, F, τ T q is a pgms and f is a self map on M . Power of f are defined by f 0 x " x and f n`1 x " f pf n xq, n ≥ 0. When there is no risk of ambiguity, we will use the notation x n " f n x, in particular
The letter Ψ denotes the set of all function ϕ : r0, 8q Ñ r0, 8q such that 0 ă ϕptq ă t and lim nÑ8 ϕ n ptq " 0 for each t ą 0.
Hadzić [5] ) We say that a t-norm T is of H-type if the family tT n ptqu is equicontinuous at t " 1, that is, @ P p0, 1q Dλ P p0, 1q : t ą 1´λ ñ T n ptq ą 1´ for all n ≥ 1,
where T 1 pxq = T px, xq, T n pxq = T px, T n´1 pxqq, for every n ≥ 2.
The t-norm T M is a trivial example of t-norm of H-type (see, [20] ).
Definition 6.
[14] Let ϕ : r0, 8q Ñ r0, 8q be a function such that ϕptq ă t for t ą 0, and let f be a selfmap of a probabilistic semimetric space pM, F q. We say that f is ϕ-probabilistic contraction if
for all p, q P M and t ą 0.
We start with the following lemma
Proof. Note first that by the monotony of g, gpϕptqq ≥ gptq implies that gpϕptqq " gptq. Now, let t ą 0, suppose that gpϕptqq " gptq.
We can check easily that gpϕ n ptqq " gptq for each n ≥ 1.
Now we shall show that gptq " 1.
Suppose, to the contrary, that there exists a t 0 ą 0 such that gpt 0 q ă 1. Since g P D`, then gptq Ñ 1 as t Ñ 8, so there exists t 1 ą t 0 such that
Since lim nÑ8 ϕ n pt 1 q Ñ 0, there exists positive integer n ą 1 such that ϕ n pt 1 q ă t 0 . Then by the monotony of g we have gpϕ n pt 1≤ gpt 0 q.
Thus gpt 1 q " gpϕ n pt 1≤ gpt 0 q, a contradiction. Therefore gptq " 1, since g P D`. Hence g " H.
We now state the main fixed point theorem for the ϕ-probabilistic contraction in a pgms, as follows. Theorem 1. Let pM, F, τ T q be a complete pgms under a continuous t-norm T of H-type such that RanF Ă D`. Let f : M Ñ M be a ϕ-probabilistic contraction where ϕ P Ψ. Then f has a unique fixed point x, and, for any x P M, lim nÑ8 f n pxq " x.
Proof. Let x 0 P M and define the sequence tx n u by:
Suppose that there exist n 0 P N, p 0 P N˚such that x n 0 " x n 0`p0 . We aim to prove that f n 0 px 0 q is a fixed point for f . Notice that if p 0 " 1 then clearly f n 0 px 0 q is a fixed point of f . Indeed,
At first we prove that for all n ≥ 1
where y = f n 0 x 0 . Let t ą 0, inequality (7) is true for n " 1 since F f yf 2 y pϕptqq ≥ F yf y ptq by (6). Now we proceed by induction. Suppose that (7) is true for some positive integer n ≥ 1. Then by (6), using the monotony of F and since ϕptq ă t, we have
Thus we obtain (7). Then, for n " p 0 we get
From Lemma 4 and (ii) in Definition 2, we get f y " y. Now, assume that x n ‰ x m for all n ‰ m, which implies that tx n u is a sequence of distinct points. In this case, we prove that tx n u is a Cauchy sequence. Equivalently, from pdq in Proposition 1, we need to show that for all ą 0, δ P p0, 1q there exists n 0 P N such that F xnxm p q ą 1´δ whenever m ą n ≥ n 0 .
We claim that (8) F xnx n`1 ptq Ñ 1 as n Ñ 8.
Given t ą 0, n ≥ 1. From (6) we have
Now, let ą 0 and δ P p0, 1q be given, since RanF Ă D`, there exists t 0 ą 0 such that F x 0 x 1 pt 0 q ą 1´δ and since ϕ n pt 0 q Ñ 0, there exists n 0 P N such that ϕ n pt 0 q ă whenever n ≥ n 0 . Using the fact that F is increasing, we get F xnx n`1 p q ≥ F xnx n`1 pϕ n pt 0whenever n ≥ n 0 .
Therefore F xnx n`1 p q ≥ F x 0 x 1 pt 0 q ą 1´δ whenever n ≥ n 0 .
Thus, (8) is proved. Similarly, we also conclude that (9) F xnx n`2 ptq Ñ 1 as n Ñ 8.
Next, we show that for each t ą 0, n ≥ 1
At first we show that (10) holds for m " n`1, m " n`2 and m " n`3. Using the monotony of F and since ϕptq ă t, we have for m " n`1
For m " n`2 we have
TˆF xnx n`2ˆt´ϕ ptq 2˙, 1≥
Now, let m " n`3 by the quadrilateral inequality, we may write
Therefore, inequality (10) is true for m = n`1, n`2, n`3. Now we proceed by induction. Suppose that (10) is true for some positive integer m ≥ n`3. Then
T pA n , F xnxm ptqq.
Hence and by the induction hypothesis,
Thus, we obtain (10). Now let ą 0 and δ P p0, 1q be given, since T is a t-norm of H-type, there exists λ P p0, 1q such that T n ptq ą 1´δ for all n ≥ 1 when t ą 1´λ.
From (8) and (9) for ´ϕp q 2 ą 0 and the continuity of T , we have
Then there exists n 0 P N such that
Therefore, from (10) we obtain F xnxm p q ą 1´δ whenever m ą n ≥ n 0 .
So we conclude that tx n u is a Cauchy sequence in M . Since M is complete there is some x P M such that
Now we will show that x is a fixed point of f . Let ą 0 and δ P p0, 1q, since ϕp q ă , by the monotony of F and (6) we get
Since tx n u converge to x, there exists n 0 P N such that F xnx p q ą 1´δ for each n ≥ n 0 , so we obtain F x n`1 f x p q ą 1´δ for each n ≥ n 0 .
By the quadrilateral inequality, we have
or all t ą 0, n ≥ 1.
Letting n Ñ 8 in (13) and using (11), (12) and the fact that tx n u is a Cauchy sequence, we get that F f xx ptq ≥ 1 for all t ą 0, which holds unless F f xx " H, so f x= x. Thus f has a fixed point.
Concerning the uniqueness of the fixed point, we suppose that there is y P M satisfying f y " y.
It should be noted that in the proof of Theorem 1, the condition F xy p8q " 1 plays no role. This leads to Theorem 2. Let pX; M ;˚q be a complete fuzzy generalized metric space with the t-norm˚of H-type such that M px, y, tq Ñ 1 as t Ñ 8 for all x, y P X. Let f : X Ñ X be a ϕ-fuzzy contraction where ϕ P Ψ. Then f has a unique fixed point x, and, for any x P M, lim nÑ8 f n pxq " x.
4.1. ϕ-contraction in generalized metric space. Let pM, dq be a complete generalized metric space. By Lemma 2, pM, F, τ T M q is a complete probabilistic generalized metric space, where F xy " Hpt´dpx, yqq for all x, y P M . Let f be a mapping of pM, dq into itself satisfying dpf x, f yq ≤ αpdpx, yqq x, y P M , where the function α : r0, 8q Ñ r0, 8q satisfies the following conditions:
αp0q " 0, αptq ă t, and lim sup rÑt αprq ă t for each t ą 0.
By [ [11] , Lemma 1], there exists a strictly increasing and continuous function ϕ : r0, 8q Ñ r0, 8q such that αptq ă ϕptq ă t for all t ą 0. Then dpf x, f yq ≤ αpdpx, yqq ≤ ϕpdpx, yqq (15) for all x, y P M . Now, we claim that f is ϕ-probabilistic contraction in pM, F, τ T M q. Indeed, let t ą 0, and x, y P M , from (15) and the monotony of H we have F f xf y pϕptqq " Hpϕptq´dpf x, f yqq ≥ Hpt´ϕ´1pdpf x, f y≥ Hpt´dpx, yqq ≥ F xy ptq which prove our claim. Note that 0 ă ϕptq ă t and lim nÑ8 ϕ n ptq " 0 for each t ą 0. Hence, as direct consequence of Theorem 1 we have Corollary 1. Let pM, dq be a complete generalized metric space. Let f be a mapping of pM, dq into itself satisfying dpf x, f yq ≤ αpdpx, yqq x, y P M , where the function α : r0, 8q Ñ r0, 8q satisfies the following conditions: αp0q " 0, αptq ă t, and lim sup rÑt αprq ă t for each t ą 0.
Then f has a unique fixed point z, and f n pxq Ñ z for all x P M .
